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Abstract
The cosmological Slavnov-Taylor (ST) identity of the Einstein-Hilbert action coupled to a single
inflaton field is obtained from the Becchi-Rouet-Stora-Tyutin (BRST) symmetry associated with
diffeomorphism invariance in the Arnowitt-Deser-Misner (ADM) formalism. The consistency con-
ditions between the correlators of the scalar and tensor modes in the squeezed limit are then derived
from the ST identity, together with the softly broken conformal symmetry. Maldacena’s original
relations connecting the 2- and 3-point correlators at horizon crossing are recovered, as well as the
next-to-leading corrections, controlled by the special conformal transformations.
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I. INTRODUCTION
Non-gaussianities of the CMB spectrum in single field inflationary models are described
by correlators involving gravitational scalar and tensor modes that fulfil a set of consistency
conditions first derived in a seminal paper by Maldacena [1]. The latter hold in a particular
limit (the so-called squeezed limit), where one of the momenta is much smaller than the
others.
Recently, there has been a renewed interest in providing a rigorous mathematical deriva-
tion of these (and associated) relations in terms of cosmological Slavnov-Taylor (ST) identi-
ties, i.e. functional identities for the connected inflationary generating functional. So far the
approach has been the one of translating at the path-integral level diffeomorphism invariance
or (softly broken) conformal symmetry [2–5], thus obtaining the aforementioned identities
through formal manipulations of the (gauge-fixed) path-integral for each symmetry.
However, from the algebraic point of view the situation does not seem to be very satis-
factory. The gauge invariance of the Einstein-Hilbert action coupled to the inflaton field is
broken by the gauge-fixing and it should be therefore replaced by the corresponding Becchi-
Rouet-Stora-Tyutin (BRST) symmetry [6–9]. The latter, in turn, should yield a single ST
identity [10, 11] which is expected to encode all the relevant consistency relations between
the correlators of the tensor and scalar gravitational modes.
In this paper we prove that this is indeed the case. Starting from the Arnowitt-Deser-
Misner (ADM) formulation of the gravitational action [12, 13], we derive the BRST symme-
try associated with diffeomorphism invariance. A careful discussion of the lapse and shift
vector (that are not dynamical and can be eliminated through their equations of motion) is
worked out. Next, as is customary in the gauge-fixing procedure a` la BRST, we identify the
relevant set of external sources (antifields) required to define the composite operators enter-
ing into the BRST transformation of the fields [14]. This allows to finally derive the (unique)
ST identity associated with BRST symmetry, which, under functional differentiations with
respect to appropriate field and antifield combinations, give rise to relations between the
one-particle irreducible (1-PI) Green functions of the theory. One of the advantages of the
resulting functional formulation is that it can be generalized to study quantum corrections
to the tree-level amplitudes, although in the present paper we will not attempt to go beyond
the classical approximation.
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The direct application of this approach is however hampered by the fact that in cos-
mology one is usually interested in correlation functions evaluated at a fixed time, usually
coinciding with horizon crossing. Such correlators are computed by using the so-called “in-
in” formalism [21]. We therefore introduce the corresponding generating functional W (t)
and derive the ST identity it fulfils, as a consequence of the BRST invariance of the classical
gauge-fixed action. We then motivate the need to introduce the 1-PI generating functional
at fixed time Γ˜(0)(t), as a necessary tool in order to recover the consistency conditions in
the squeezed limit for the soft momentum ~q. In this respect, one should notice that the
reconstruction of the 1-PI vertex functional from W (t) is carried out once one has inte-
grated out the lapse and shift vector. This in turn introduces some sources of non-locality,
despite the fact that the Einstein-Hilbert action in the ADM formalism is local. However,
for an attractor background [15] under the adiabaticity assumption, guaranteeing that the
growing modes solution of the classical equations of motion are constant, one can see that
such non-localities disappear [5].
When these conditions are met, suitable analyticity assumptions of the 1-PI Green’s
functions can be made, which allows, once one factors out the two point correlator of the soft
momentum ~q, to constrain the remaining contribution to scalar and/or graviton correlators
“in-in” amplitudes through the ST identity. Indeed, the constant and linear term in ~q of
the expansion of the amplitudes for ~q → 0 can be traced back to the invariance under
dilatations [1] and special conformal transformations [16] respectively. In our approach they
can be both derived from a single ST identity. In addition, the particular form of the BRST
symmetry ensures that there are no graviton contributions for purely scalar functions at the
leading and next-to-leading order in ~q.
Thus, the BRST formalism introduced provides a unified approach to obtain the expan-
sion of the relevant Green’s functions as ~q goes to zero.
The paper is organized as follows. In Sect. II we review the ADM formulation of gravity
coupled to a single scalar field and set up our notations. In Sect. III we derive the BRST
symmetry of the theory, introduce the gauge-fixing as well as the ghost sector. The ensuing
ST identity is derived in Sect. IV. In Sect. V the spacetime symmetries are formulated
within the BRST approach and it is explained how dilatations and special conformal trans-
formations are recovered from BRST symmetry. This paves the way to the derivation in
Sect. VI of the cosmological ST identity fulfilled by the generating functional of correla-
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tors at horizon crossing in the “in-in” formalism. The results of Refs.[1] and [16] on the
consistency conditions at the leading and next-to-leading order in the squeezed limit for 2-
and 3-point scalar and graviton correlators are also reproduced. Finally, our conclusions are
presented in Sect. VII. The paper ends with some Appendices, devoted to clarify some tech-
nical aspects of the derivations, and in particular: the diagonalization of the quadratic ADM
action (Appendix A); the derivation of the metric propagator (Appendix B); the functional
identities for the effective action and the connected generating functional (Appendix C); the
consistency conditions in functional form (Appendix D).
II. ADM ACTION
The Einstein-Hilbert action for gravity coupled to a single scalar field reads
S =
1
2
∫ √
g
[
R − (∇φ)2 − 2V (φ)] , (2.1)
where, using the same notations as in [1], we have set M−2Planck = 8πGN = 1.
Passing to the ADM formulation, one introduces the lapse function N and shift vector
N i which are implicitly defined through the metric decomposition
ds2 = −N 2dt2 + hij
(
dxi +N idt) (dxj +N jdt) . (2.2)
The action (2.1) can be then written as the sum of three terms, S = S1 + S2 + S3, with
S1 =
1
2
∫
dt
∫
d3~x
√
hN (3)R,
S2 =
1
2
∫
dt
∫
d3~x
√
hN−1(EijEij −E2); Eij = 1
2
( ˙δhij −∇iNj −∇jNi); E = Eii ,
S3 =
1
2
∫
dt
∫
d3~x
√
h
[
N−1(φ˙−N i∂iφ)2 −Nhij∂iφ∂jφ− 2NV (φ)
]
. (2.3)
The homogenous solution of this action is obtained for N = 1, N i = 0, hij = ĥij = e2ρδij,
and corresponds to a de Sitter (dS) spacetime. In addition, ρ = ρ(t) and φ = ϕ(t) depends
only on time, and satisfy the equations of motion
3ρ˙2 =
1
2
ϕ˙2 + V (ϕ); ρ¨ = −1
2
ϕ˙2; ϕ¨+ 3ρ˙ϕ˙+ V ′(ϕ) = 0. (2.4)
The Hubble parameter is then given by H ≡ ρ˙, whereas the slow roll parameters can be
defined according to
ǫ =
1
2
(
V ′
V
)2
∼ 1
2
ϕ˙2
ρ˙2
; η =
V ′′
V
∼ − ϕ¨
ρ˙ϕ˙
+
1
2
ϕ˙2
ρ˙2
. (2.5)
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The approximate relations above hold when the slow roll parameters are small, which will
in turn lead to a period of accelerated expansion.
In the ensuing analysis, we consider quantum fluctuations around the dS background
solution. We will choose a general gauge, defined through
hij = ĥij + e
2ρδhij ; φ = ϕ+ δφ; N = 1 + δN , (2.6)
and expand the ADM action up to quadratic orders in the various fields. The straightforward
but somehow lengthy computations are summarized in Appendix A, where it is also shown
that, upon substitution of the solutions of the equations of motion for the lapse function
and the shift vector, one gets back, after choosing the appropriate gauge, the same results
reported in [1].
In the gauge-fixing a` la BRST we are going to carry out in the next Section, one needs
to keep all degrees of freedom, including the non-dynamical ones. Propagators are obtained
as usual by inversion of the 2-point sector of the classical action after gauge-fixing. For that
purpose it is convenient to diagonalize the quadratic part of the action (see Appendix A).
Elimination of the non-dynamical lapse and shift vector in the effective action is equivalent
to consider diagrams that are one-particle reducible with respect to such fields.
III. BRST SYMMETRY AND GAUGE-FIXING
In a gravitational theory gauge transformations correspond to (minus) the Lie derivative
with respect to the vector field of gauge parameters ξ, that is one has
δξΦ = −L
ξ
Φ; Φ = N ,Ni, hij , φ. (3.1)
Since N = (−g00)1/2 and N i = −g0i/g00, the individual transformations of all the fields
Φ can be obtained starting from the gauge transformation of the four-dimensional metric,
which reads
δξgµν = −ξρ∇ρgµν − gµρ∇νξρ + gνρ∇µξρ. (3.2)
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One then gets
δξN = −∇0(ξ0N ) +NN k∇kξ0 − ξk∇kN ,
δξN i = N 2hij∇jξ0 −∇0ξi +N j∇jξi − ξ0∇0N i −N i∇0ξ0 +N iN j∇jξ0,
δξhij = −ξ0∇0hij − ξm∇mhij − himNm∇jξ0 − hjmNm∇iξ0 − him∇jξm − hjm∇iξm,
δξφ = −ξµ∂µφ. (3.3)
In fact, it should be noticed that, as the metric is torsion-free, the covariant derivatives can
be replaced by conventional ones, so that (3.2) becomes
δξgµν = −ξρ∂ρgµν − gµρ∂νξρ − gνρ∂µξρ, (3.4)
with similar simplified expressions obtained (through ∇ → ∂) holding for the individual
gauge transformations (3.3).
The BRST transformations are then generated by replacing in Eqs. (3.3) and (3.4) the
gauge parameter vector field with the ghost field, ξ → c, and correspondingly δξ → s (with
s denoting the BRST differential). The action of the BRST differential on the ghosts is
finally fixed by demanding the fulfilment of the nilpotency condition; indeed, applying s
on Eq. (3.4) and requiring that s2 = 0 we get
scµ = −cν∂νcµ. (3.5)
The inversion of the quadratic part of the action (2.3) requires to fix a gauge. In our
BRST approach this is achieved by supplying a gauge fixing condition Fµ and coupling it
with a corresponding set of Nakanishi-Lautrup multipliers [17, 18].
While the procedure is completely general, in order to fix the ideas we apply it after
choosing a comoving gauge for the inflaton field
F0 ≡ δφ = 0, (3.6)
as well as a transverse gauge-fixing condition which is reminiscent of the Landau gauge often
employed in Yang-Mills theories, i.e.,
Fj ≡ ∂iδhij − 1
3
∂jδh
i
i = 0. (3.7)
Notice that at the classical level the metric δhij can be written without loss of generality as
δhij = 2ψδij + 2∂i∂jE + ∂iFj + ∂jFi + γij; ∂
iFi = 0; ∂
iγij = 0; γ
i
i = 0. (3.8)
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The transverse condition Eq. (3.7) then implies, disregarding zero modes of the three-
dimensional Laplacian (as in comoving gauge), Fi = E = 0.
The gauge fixing conditions (3.6) and (3.7) are then implemented by coupling them to
the auxiliary, non-dynamical fields b0 and bi respectively (representing the aforementioned
Nakanishi-Lautrup multipliers), and adding to the action the term
SGF =
∫
dt
∫
d3~x
[
b0F0 + bjFj
]
. (3.9)
Clearly, the conditions (3.6) and (3.7) are recovered once the b-fields are eliminated through
their (trivial) equations of motion.
In the temporal sector the only non-vanishing propagator is the mixed one b0δφ. Never-
theless, since there are no interaction vertices involving the b0 field, one can safely set δφ = 0
everywhere in the effective action. This result will be recovered by functional methods later
on in Sect. IV and Appendix C.
On the other hand, the inversion of the metric propagator requires some care. In the ADM
formalism it is convenient to exploit the invariance under coordinate reparametrization to
express the metric two-point function as
S˜(2) =
∫
dt
∫
d3~x δhijΓ˜
(2)
ij mnδh
mn; Γ˜
(2)
ij mn =
7∑
α=1
O(α)ij mnθα, (3.10)
where the seven bi-tensors O(i) are defined as
O(1)ij mn = δimδjn + δjmδin; O(2)ij mn = δijδmn; O(3)ij mn = δjn
∂i∂m
∂2
+ δin
∂m∂j
∂2
;
O(4)ij mn = δim
∂j∂n
∂2
+ δmj
∂i∂n
∂2
; O(5)ij mn = δmn
∂i∂j
∂2
; O(6)ij mn = δij
∂m∂n
∂2
;
O(7)ij mn =
∂i∂m∂j∂n
∂4
(3.11)
and the coefficients θα are differential operators in ∂t whose explicit form is given in Eq. (B1).
Since the θ’s are differential operators, the second variation of the quadratic action with
respect to the metric does not coincide with Γ˜(2) (as it would were the θα algebraic coeffi-
cients). Instead, one has (up to total derivative terms)
Γ˜
′(2)
ij mn(~x, t; ~z, t
′) =
δ2S˜(2)
δhim(~x, t)δhjn(~z, t′)
=
7∑
α=1
δ3(~z − ~x)δ(t′ − t)O(α)ij mnΘα, (3.12)
where the new differential operators Θ are completely determined by the old ones θ,
see Eqs. (B2) and (B3).
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It is then relatively straightforward to invert the two-point functions in the bi-δgjk sector,
as it is explicitly shown in Appendix B 2. In particular, Eq. (B20) shows that the metric
propagator is chracterized by two scalar functions r1 and r2 satisfying a system of coupled
differential equations. This system supports also a constant solution, for which ∂tr1 =
∂tr2 = 0. Evidently, the latter has to be identified with the one at the time t = t∗ of horizon
crossing, where [1]
ρ˙∗ e
ρ∗ ∼ p, (3.13)
a ∗ meaning that the corresponding quantity has been evaluated at t = t∗. Specifically one
finds
r1 = − 2
p2
e−ρ∗ ; r2 =
2
p2
e−ρ∗
(
ρ˙2∗
ρ¨∗
− 1
)
. (3.14)
Notice that r2 is then proportional to the inverse of the slow-roll parameter ǫ defined
in Eq.(2.5) and therefore it can give rise to potentially large effects when gravitons propagate
in loops.
On the other hand, such contributions are expected not to affect physical observables,
for the physical propagator for the graviton is controlled by the function r1 alone. To prove
this, one observes that all the coefficients ψ,E, Fi and γij in Eq. (3.8) can be obtained by
applying appropriate projectors to the metric δhij; in particular, for the physical graviton
γij we have
γij =
1
2
P γij mnδhmn, (3.15)
where
P γij mn =
7∑
α=1
cαO(α)ij mn; c1 = −c2 = −c3 = −c4 = c5 = c6 = c7 = 1. (3.16)
thus giving rise to the physical propagator (with T being the usual time-order product)
〈T [γijγkl]〉 = 1
4
P γij mnP
γ
kl pq〈δhmnδhpq〉
=
1
4
7∑
α=1
rαP
γ
ij mnP
γ
kl pqO(α)mn pq = r1P γij kl. (3.17)
We then see that the dependence on r2 has disappeared and one obtains a propagator char-
acterized by the single scalar form factor r1 satisfying the differential equation (B19). As a
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result, since r2 controls the unphysical part of the propagator, one expects that such contri-
butions cancel out in physical amplitudes against corresponding ghost loops contributions.
BRST invariance requires finally to add the ghost action, which reads
SFPG =
∫
dt
∫
d3~x
[
ϕ˙c¯0c0 − c¯isFi
]
. (3.18)
The BRST variation of the anti-ghost fields c¯µ is defined by pairing them with the corre-
sponding Nakanishi-Lautrup field in a so-called BRST doublet: sc¯µ = bµ, sbµ = 0 [19, 20].
This ensures that the sum SGF+SFPG is an exact BRST variation, so that BRST nilpotency
ensures that this term decouples from the physical observables of the theory.
The quadratic part of the ghost action is obtained from Eq. (3.18) when considering the
BRST differential in the linearized approximation sℓ, which is obtained by keeping on the
right-hand side of Eq. (3.3) only terms linear in the fields. Recalling that both ρ and ϕ are
independent of the spatial coordinates, and using the background metric ĥ to raise/lower
indices, one obtains
sℓδN = −∂0c0; sℓδN i = ∂ic0 − ∂0ci; sℓδhij = −2ρ˙c0ĥij − ∂jci − ∂icj ; sℓδφ = −c0ϕ˙,
(3.19)
and, accordingly,
S
(2)
FPG =
∫
dt
∫
d3~x
[
ϕ˙c¯0c0 − c¯i
(
ci +
1
3
∂i∂jc
j
)]
. (3.20)
Notice that there is no mixing term between the temporal and spatial ghosts, so that by
inverting this action one immediately gets the propagators
∆c¯0c0 = ϕ˙
−1; ∆c¯icj =
1
p2
(
δij − 1
4
pipj
p2
)
. (3.21)
IV. THE SLAVNOV-TAYLOR IDENTITY
It is possible to recast the invariance under the BRST symmetry of the classical gauge-
fixed action in a functional form through the so-called Slavnov-Taylor (ST) identity.
For that purpose one introduces for each of the fields Φ with a non-linear BRST variation
sΦ an external source Φ∗, called anti-field. The anti-field Φ∗ has opposite statistics with
respect to Φ, whereas its ghost charge (which is a conserved quantum number), gh(Φ∗), is
related to the ghost charge gh(Φ) of the corresponding field through gh(Φ∗) = −1−gh(Φ).
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Conventionally setting gh(cµ) = 1, it turns out that the ghost charge of the anti-ghost and
all anti-fields, with the exception of c∗µ, is −1; the ghost charge of c∗µ is −2, whereas all the
other fields have ghost number zero.
Next, anti-fields are coupled to sΦ in the tree-level vertex functional Γ(0) (which has ghost
number zero); that is one sets
Γ(0) = S + SGF + SFPG + SAF, (4.1)
where
SAF =
∑
Φ
∫
dt
∫
d3~xΦ∗ sΦ , (4.2)
and the sum runs over Φ = {δhij , δN ,Ni, δφ, c0, ci}. Then Γ(0) is BRST invariant if and
only if one imposes sΦ∗ = 0. Notice that we do not introduce a source for c¯µ since its BRST
variation is linear.
The invariance of Γ(0) under the BRST differential s translates then into the following
functional equation, known as the ST identity
S(Γ(0)) =
∫
dt
∫
d3~x
[
Γ
(0)
δhij∗
Γ
(0)
δhij
+ Γ
(0)
δN ∗Γ
(0)
δN + Γ
(0)
N i∗
Γ
(0)
Ni
+ Γ
(0)
δφ∗Γ
(0)
δφ + bµΓ
(0)
c¯µ + Γ
(0)
cµ∗Γ
(0)
cµ
]
= 0.
(4.3)
In the equation above we have introduced the notation Γ
(0)
Φ = δΓ
(0)/δΦ(t, ~x), omitting at
the same time the argument of the fields to avoid notational clutter.
Taking functional derivatives of S(Γ(0)) and setting afterwards all fields and anti-fields to
zero will generate the complete set of the all-order ST identities of the theory; this is in exact
analogy to what happens with the effective action, where taking functional derivatives of Γ
and setting afterwards all fields to zero generates the 1-PI Green functions of the theory.
However, in order to reach meaningful expressions, one needs to keep in mind that: (i)
S(Γ(0)) has ghost charge 1, and (ii) functions with non-zero ghost charge vanish, since the
latter is a conserved quantity. Thus, in order to extract non-zero identities from Eq. (4.3),
one needs to differentiate the latter with respect to a combination of fields, containing either
one ghost field, or two ghost fields and one anti-field. The only exception to this rule is
when differentiating with respect to a ghost anti-field, which needs to be compensated by
three ghost fields.
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The dependence of Γ on the gauge-fixing and the anti-ghost fields is controlled by the
b-equations and the anti-ghost equations. They are (we omit the space-time arguments for
simplicity)
Γ
(0)
b0 = δφ, (temporal b-equation)
Γ
(0)
bi = ∂
kδhki − 1
3
∂iδh
k
k, (spatial b-equation)
Γ
(0)
c¯0 = −Γ(0)δφ∗ , (temporal anti-ghost equation)
Γ
(0)
c¯i = ∂
kΓ
(0)
δhki∗
− 1
3
∂iΓ
(0)
δhk∗k
(spatial anti-ghost equation) (4.4)
The temporal anti-ghost equation states that the dependence of the vertex functional on the
temporal anti-ghost field happens only via the combination δφ∗
′
= δφ∗− c¯0. In a similar way
the spatial anti-ghost equation guarantees that the dependence of the vertex functional on
the spatial anti-ghosts c¯i is through the combination δhij∗
′
= δhij∗ + ∂ic¯j − 1
3
∂ℓc¯
ℓδhij only.
In classical cosmology computations it is customary to eliminate the lapse function and
shift vector through their equations of motion. In our formulation this can be achieved by
considering the generating functional Γ˜ for diagrams which are one-particle reducible with
respect to lapse and shift propagators and one-particle irreducible with respect to all other
fields; details of the algebraic construction of Γ˜ are reported in Appendix C.
It turns out that the effective action Γ˜ satisfies the following ST identity:
S(Γ˜) =
∫
dt
∫
d3~x
[
Γ˜δhij∗ Γ˜δhij + Γ˜δφ∗ Γ˜δφ + b
µΓ˜c¯µ + Γ˜cµ∗Γ˜cµ
]
= 0. (4.5)
This is the basic functional relation, valid in any gauge, from which we will start deriving the
consistency conditions of the inflationary theory. It is worthwhile to notice that, being based
on the diffeomorphism invariance only, this is the most natural formulation that is supposed
to hold true even when loop corrections are included (provided that one can consistently
make sense of the UV and IR divergences arising in graviton loops, something which is far
beyond the scope of the present paper).
The relevant consistency conditions embodied in the ST identity (4.5) are of two types.
If one takes a derivative with respect to the ghost field c and then with respect to a
combination of zero ghost charge fields other than the multiplier b and afterwards set all
fields and external sources to zero, one gets relations that are valid in any gauge (the gauge
dependence being controlled by the b-term in the ST identity).
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On the other hand, if we take a derivative of Eq. (4.5) with respect to the combination
cb and then set c to zero, one obtains a functional identity encoding the gauge dependence
of the vertex functional. This is further discussed in Appendix D.
V. SPACETIME SYMMETRIES IN BRST LANGUAGE
In order to proceed further, we need to elaborate on the relation between the BRST
symmetry of the action and its (classical) invariance under diffeomorphism, dilatation and
special conformal transformations. To this end, we will adopt an explicit parametrization
of the metric hij; specifically we write [1]
hij = ĥij + e
2ρδhij , (5.1)
where
ĥij = e
2ρe2ζδij; δhij = e
2ζ
(
γij +
1
2
γki γkj + · · ·
)
; ∂iγij = γ
i
i = 0. (5.2)
Within this parametrization, the ST identity (4.5) reads then
S(Γ˜(0)) =
∫
dt
∫
d3~x
[
Γ˜
(0)
ζ∗ Γ˜
(0)
ζ + Γ˜
(0)
γij∗Γ˜
(0)
γij
+ · · ·
]
= 0, (5.3)
where Γ˜(0) is the tree-level version of the generating functional introduced in the previous
section, and the dots indicate terms containing the b or the ghost field.
As already discussed, if we are interested only in gauge independent ST identities, we can
take a derivative with respect to the ghost field and drop all gauge variant terms, to obtain
the relation ∫
dt
∫
d3~x
[
Γ˜
(0)
cℓζ∗
Γ˜
(0)
ζ + Γ˜
(0)
cℓγ∗ij
Γ˜(0)γij
]
= 0. (5.4)
We will refer to Eq. (5.4) as the ‘master’ consistency relation; in fact we will show that
the known consistency conditions related to diffeomorphism, dilation or special conformal
transformations invariance, are all descendant of the basic identity (5.4). However, before
we can do that, we need first to explicitly derive the BRST transformations of the ζ and γ
fields.
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A. BRST transformations of ζ and γ
In general it is not possible to derive closed expressions for the BRST variations sζ and
sγ; however a recursive procedure can be devised that allows to grade them according to
the number of graviton fields γ, the resulting expressions being however valid to all orders
in the ζ field.
We start by taking a BRST variation of the metric hij in the representation (5.2), yielding
up to second order in γ
shij = 2(sζ)e
2ρe2ζ
(
δij + γij +
1
2
γki γkj
)
+
1
2
e2ρe2ζ
[
2sγij +
(
sγki
)
γkj + γ
k
i s (γkj)
]
. (5.5)
On the other hand, Eq. (3.3) gives for the same BRST variation the result
shij = −cm∂m
[
e2ρe2ζ
(
δij + γij +
1
2
γki γkj
)]
− e2ρe2ζ
(
δim + γim +
1
2
γki γkm
)
∂jc
m
− e2ρe2ζ
(
δjm + γjm +
1
2
γkj γkm
)
∂ic
m. (5.6)
Tracing both equations, and equating the zeroth order terms in the graviton field gives
(sζ)0 = −cm∂mζ − 1
3
∂mc
m. (5.7)
Again by equating terms of order zero (but this time without taking the trace), and using
the result above, we get
(sγij)0 =
2
3
δij∂
mcm − ∂jci − ∂icj. (5.8)
The grade 1 BRST transformations can be obtained in exactly the same way. In particular,
from tracing the relations (5.5) and (5.6) and keeping the terms with one graviton fields, we
obtain
(sζ)1 = −1
3
γim∂icm +
1
6
γim(∂icm + ∂mci) = 0, (5.9)
while, finally, using the above results together with Eqs. (5.5) and (5.6) will give
(sγij)1 = −cm∂mγij + 1
2
γim (∂
mcj − ∂jcm) + 1
2
γjm (∂
mci − ∂icm) . (5.10)
This is as far as we can go, without considering in the expansion (5.2) pieces containing
three γ fields; it will however turn out to be enough for the ensuing analysis.
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B. Dilatation and special conformal transformations
At the classical level invariance under BRST stems from gauge invariance of the origi-
nal action; in a gravitational theory therefore it arises from diffeomorphism (or coordinate
transformation) invariance. Of particular relevance for the discussion that will follow, are
the invariance under dilatations [1] and special conformal transformations1 [16], which are
obtained by carrying out the following replacements of the ghost field:
cm → λxm; dilatations, (5.11)
cm → biMim(~x ) ≡ bi[−δim~x 2 + 2xixm]; special conformal transformations. (5.12)
It is then immediate to realize from Eq. (5.7) that in both cases one has
(sγ)0 = 0. (5.13)
As a consequence:
• The two-point function Γ˜(0)
cℓγ∗
which is controlled by the antifield combination γ∗(sγ)0
vanishes, along with all other n-point functions Γ˜
(0)
cℓγ∗ζ1···ζn−2
(with n > 2)2.
• The three-point function Γ˜(0)
cℓζ∗γ
that is controlled by the antifield combination ζ∗(sζ)1
vanishes.
As we will see, dilatations and special conformal transformations determine the leading
and next to leading order in the squeezed limit expansion of a 1-PI function (or correlator)
involving a soft scalar; then Eq. (5.13) ensures that there are no graviton contributions for
purely scalar functions (or correlators) at the leading and next to leading order.
VI. COSMOLOGICAL ST IDENTITIES
We are now in a position to work out the ST identities dictated by dilatation, diffeo-
morphism and special conformal invariance, ultimately showing that they coincide with the
1 These transformations of the spatial coordinates are related to certain isometries of de Sitter space (besides
translations, rotations and dilatations) taken at large times [16].
2 These functions vanish in general for the classical case. This is because Eq. (5.8) contains no coupling to
the ζ field and the BRST variations found are all order expressions in the ζ field.
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consistency relations worked out in [1] and [16]. Before doing this it is necessary however
to discuss the standard formalism for computing correlation functions in cosmological mod-
els, and how these functions are related to the 1-PI functions naturally appearing in our
approach.
A. In-in formalism
Cosmological correlation functions are computed in the so-called “in-in” formalism [21].
This formalism allows to evaluate expectation values of products of fields at a fixed time
by imposing conditions on the fields at very early times (in the present paper chosen to be
those corresponding to Bunch-Davies states [1]).
The correlators of products of fields at the given time t are collected into a functional
W (t), defined as the generating functional of the “in-in” correlators. Namely by collectively
denoting the quantum fields by δφ(t, ~x) and by J(~x) the corresponding source, W (t) is given
by
W (t) =
∞∑
N=2
∫
d3x1 · · ·
∫
d3xN
1
N !
〈δφ(t, ~x1) . . . δφ(t, ~xN)〉J(~x1) . . . J(~xN ). (6.1)
The path-integral generating the correlators 〈δφ(t, ~x1) . . . δφ(t, ~xN)〉 is written in the
Schwinger-Keldysh formalism [21]. One needs to double the fields of the theory (we call
them left- and right fields, in agreement with the notation of [21]). Then the path-integral
generating W (t) can be written as (δπ denote the conjugate momenta to δφ)
eW (t)/g =
∫ ∏
δφL
∏
δπL
∏
δφR
∏
δπR
exp
(
−i
∫ t
−∞
dt′
1
g
L˜[δφL, δπL; t
′]
)
× exp
(
+i
∫ t
−∞
dt′
1
g
L˜[δφR, δπR; t
′]
)
×
∏
δ[δφL(t)− δφR(t)]×
∏
δ[δπL(t)− δπR(t)]× exp
(
1
g
∫
d3~x δφ(~x, t)J(~x)
)
×Ψvac[δφL(−∞)]Ψvac[δφR(−∞)] (6.2)
where L˜ is the Lagrangian and Ψvac[δφ] is the wave function of the vacuum. In the above
equation we have re-installed a coupling constant g.
The classical approximation is recovered in the limit g → 0, since by standard power-
counting arguments one can show that the g-dependence of W (t) is at loop n is g−n. The
tree graphs are then recovered in the limit g → 0. In this limit the path-integral (6.2)
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is dominated by the stationary points of the Lagrangian, namely δφL = δφR = δφcl, and
δπL = δπR = δπcl, and the classical solutions satisfy the prescribed Bunch-Davies conditions
at t = −∞. At the stationary point the action integrals cancel and one recovers the well-
known result [1] that at the classical level the “in-in” correlation functions are computed
by taking the product of the fields obtained as the solutions of the classical field equations
with the given free-field initial conditions.
B. ST identity for W (t) and its Legendre transform
In Eq.(6.2) L˜ is the gauge-fixed Lagrangian. Since the integration in the action integrals
is limited to t, only invariance under spatial BRST transformations (i.e. those obtained by
setting c0 = 0) holds for L˜. Assuming that the vacuum wave function Ψvac and the integral
measure are also invariant under spatial diffeomorphisms, thenW (t), as defined in Eq. (6.2),
satisfies the ST identity (JΦ denotes the source of the field Φ)∫
d3x
[
δW (t)
δ(δh∗ij(t, ~x))
Jδhij (~x) +
δW
δ(δφ∗(t, ~x))
Jδφ(~x)
+
δW
δJbµ(t, ~x)
Jc¯µ(~x) +
δW
δcµ∗(t, ~x)
Jcµ(~x)
]
= ∆(c0), (6.3)
where ∆(c0) is a breaking term vanishing at c0 = δW
δJc0
= 0.
The ST identity for W (t) in Eq.(6.3) embodies relations between connected Green’s
functions involving at least one insertion of the BRST transformation of the fields. Therefore
it cannot be directly used to obtain the consistency conditions between the correlators of
the scalar and graviton fields in the squeezed limit.
The appropriate way to recover such consistency conditions is to carry out a Legendre
transformation according to
Γ˜(0)(t) = W (t) +
∫
d3x J(~x) Φ(t, ~x); Φ(t, ~x) =
δW (t)
δJ(~x)
, (6.4)
where the superscript “(0)” reminds us that we are working at the tree (classical) level. The
two-point 1-PI amplitude is then minus the inverse of the bi-spectrum, e.g., for the scalar
correlator
Γ˜(0)(t)ζ(t,~x1)ζ(t,~x2) = −〈ζ(t, ~x1)ζ(t, ~x2)〉−1, (6.5)
(a similar relation holds for the graviton correlator).
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Then if one sets c0 = 0, which is possible at the classical level, where one does not need an
additional source to define the composite operator ∆(c0), one obtains the basic ST identity
for the fixed time 1-PI generating functional Γ˜(0)(t), which we write in the parameterization
of the metric given in Eq.(5.2) :
S(Γ˜(0)(t)) =
∫
d3~x
[
Γ˜(0)(t)ζ∗Γ˜
(0)(t)ζ + Γ˜
(0)(t)γij∗ Γ˜
(0)(t)γij
+ bµΓ˜(0)(t)c¯µ + Γ˜
(0)(t)c∗µΓ˜
(0)(t)cµ
]
c0=0
= 0 . (6.6)
Notice that Eq. (3.5) implies that sc0 vanishes at c0 = 0.
By exploiting the decomposition of the connected amplitudes in terms of the 1-PI vertices,
one can easily obtain the desired consistency conditions between in-in correlators.
The only property used in the ensuing derivation is the fulfilment of the ST iden-
tity Eq. (6.6). We remark that one does not need to explicitly know the 1-PI vertices
generated by Γ˜(0)(t) (apart from some regularity assumptions in the squeezed limit where
one of the momenta is much smaller than the others, a condition that will be checked against
explicit computations of the connected correlators available in the literature). In particular
it is important to realize that Γ˜(0)(t) does not coincide with the classical action, as is already
apparent from the two-point function (6.5).
In what follows we will omit the time-dependence on Γ˜(0) in order to avoid notational
clutter.
C. Dilatations ST identities
1. Three scalars (one soft)
The relation between the connected and 1-PI Green function for the case of three scalars
is
〈ζ(~x ′)ζ(~y ′)ζ(~z ′)〉 =
∫
d3~x
∫
d3~y
∫
d3~z 〈ζ(~x ′)ζ(~x )〉〈ζ(~y ′)ζ(~y )〉〈ζ(~z ′)ζ(~z )〉Γ˜(0)ζζζ(~x, ~y, ~z ).
(6.7)
The ST identity that controls the 1-PI function Γ˜
(0)
ζζζ can be obtained by taking two deriva-
tives with respect to the scalar field ζ of the master equation (5.4), and setting afterwards
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all fields to zero. Then, using the fact that the tadpole contributions Γ˜
(0)
ζ and Γ˜
(0)
γij vanish,
we obtain in the dilatation case∫
d3 ~w
[
Γ˜
(0)
ζcℓζ∗
(~y, ~x, ~w )Γ˜
(0)
ζζ (~w, ~z ) + Γ˜
(0)
ζcℓζ∗
(~z, ~x, ~w )Γ˜
(0)
ζζ (~w, ~y ) + Γ˜
(0)
cℓζ∗
(~x, ~w )Γ˜
(0)
ζζζ(~w, ~y, ~z )
+Γ˜
(0)
cℓγ∗ij
(~x, ~w )Γ˜
(0)
γijζζ
(~w, ~y, ~z )
]
= 0. (6.8)
For the dilatation case the last term vanishes at leading order, and therefore only the 2-
and 3-point functions Γ˜
(0)
cℓζ∗
and Γ˜
(0)
ζcℓζ∗
need to be considered. The latter are both generated
by the term
∫
ζ∗(sζ)0 appearing in the antifield action; in particular, at the classical level,
one has the results
Γ˜
(0)
cℓζ∗
(~x, ~w ) = −1
3
∂wℓ δ(~x− ~w ), (6.9)
Γ˜
(0)
ζcℓζ∗
(~y, ~x, ~w ) = −δ(~y − ~w )∂wℓδ(~x− ~w ), (6.10)
which inserted back into Eq. (6.8) gives
1
3
∂xℓΓ˜
(0)
ζζζ(~x, ~y, ~z )− ∂xℓδ(~x− ~y )Γ˜(0)ζζ (~x, ~z )− ∂xℓδ(~x− ~z )Γ˜(0)ζζ (~x, ~y ) = 0. (6.11)
As already said, for a dilatation transformation one has cℓ ∼ xℓ, so that to get back the
effect of such transformation on our Green functions we need to multiply by xℓ and integrate
over d3~x; we then obtain∫
d3~x Γ˜
(0)
ζζζ(~x, ~y, ~z ) =
(
6 + ~y ·~∂y + ~z ·~∂z
)
Γ˜
(0)
ζζ (~y, ~z ). (6.12)
Notice the automatic appearance of the squeezed limit as the d3~x integral ensures that the
corresponding scalar field is inserted with zero momentum.
To see this explicitly, let’s now Fourier transform everything to momentum space. Using
translational invariance one can set to zero say the ~z coordinate; using then momentum
conservation ~k2 = −~q − ~k1, so that, setting ~k1 = ~k, the first term in the equation above
reads3 ∫
d3~x Γ˜
(0)
ζζζ(~x, ~y, ~z ) =
∫
d3~x
∫
d3~q
(2π)3
e−i~q·~x
∫
d3~k
(2π)3
e−i
~k·~y Γ˜
(0)
ζζζ(~q,
~k,−~q − ~k )
=
∫
d3~k
(2π)3
e−i
~k·~y Γ˜
(0)
ζζζ(0,
~k,−~k ). (6.13)
3 Here and in the entire ensuing analysis we will omit from all correlation functions the overall momentum
conserving delta function (2π)3δ(
∑~k).
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For the second term, again making use of translational invariance and the resulting mo-
mentum conservation, one finds(
~y ·~∂y + ~z ·~∂z
)
Γ˜
(0)
ζζ (~y, ~z ) = ~y ·~∂y
∫
d3~k
(2π)3
e−i
~k·~y Γ˜
(0)
ζζ (
~k,−~k )
= −
∫
d3~k
(2π)3
e−i
~k·~y
(
3 + ~k ·~∂k
)
Γ˜
(0)
ζζ (
~k,−~k ). (6.14)
Therefore, in momentum space Eq. (6.12) reads
Γ˜
(0)
ζζζ(0,
~k,−~k ) =
(
3− ~k ·~∂k
)
Γ˜
(0)
ζζ (
~k,−~k ). (6.15)
This relation can be further simplified at horizon crossing, where Γ˜
(0)
ζζ (
~k,−~k ) ∼ k3−ns [1];
thus we obtain the final result
Γ˜
(0)
ζζζ(0,
~k,−~k ) = nsΓ˜(0)ζζ (~k,−~k ). (6.16)
Before moving on, notice the following. The absence of singularities in the 1-PI three-
point function Γ˜
(0)
ζζζ(~q,
~k1, ~k2 ) in the squeezed limit ~q → 0 can be checked by direct inspection
of the expressions given in [1], once one recovers the corresponding 1-PI amplitude from the
connected one by multiplying the latter by the appropriate (inverse) external propagators.
Thus one can write in this limit4
Γ˜
(0)
ζζζ(~q,
~k1, ~k2 ) = Γ˜
(0)
ζζζ(0,
~k,−~k ) + ~q ·~∂ Γ˜(0)ζζζ(~q,~k1, ~k2 )
∣∣∣
~q=0
+O(q2). (6.17)
Then, Eq. (6.12) through (6.16) show that the leading order term in this expansion is
completely determined by the dilatation transformations cm → λxm; in addition, as already
anticipated, the vanishing of the BRST variation of the (zero grade) graviton field under
this transformation, Eq. (5.13), implies that there will be no graviton contribution at this
order. We will see in Sect. VIE that the next to leading order in the expansion (6.17) is
determined by the special conformal transformations of [16].
Coming back to Eq. (6.16), as a final step let us recast this result in terms of connected
Green functions in the squeezed limit ~q → 0, evaluating the leading term of the resulting
4 Notice however that, in general, there might be singularities in the effective action Γ˜(0). This is because it
contains diagrams that are one-particle reducible with respect to the lapse and the shift vector; thus, once
one eliminates these auxiliary fields through their equations of motion, the appearance of 1/∂2 terms in
ψ in Eq. (A17) via the dependence on χ might in principle yield singularities at zero momentum in some
kinematical soft configurations.
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amplitude. In momentum space Eq. (6.7) reads
〈ζ(~q )ζ(~k1)ζ(~k2)〉 = 〈ζ(~q )ζ(−~q )〉〈ζ(~k1)ζ(−~k1)〉〈ζ(~k2)ζ(−~k2)〉Γ˜(0)ζζζ(~q,~k1, ~k2). (6.18)
Now, the 2-point correlator 〈ζ(~q )ζ(−~q )〉 diverges as q−3 in this limit. On the other hand,
we know that the 1-PI Green function Γ˜
(0)
ζζζ(~q,
~k1,−~k1 − ~q ) is smooth in the same limit, and
therefore we can safely replace Γ˜
(0)
ζζζ(~q,
~k1,−~k1 − ~q ) with its value at ~q = 0. Thus, using the
result Eq. (6.16) we finally obtain5
〈ζ(~q )ζ(~k1)ζ(~k2)〉 ∼
~q→0
−ns〈ζ(~q )ζ(−~q )〉〈ζ(~k1)ζ(−~k1)〉. (6.19)
2. One soft scalar and two gravitons
The derivation of this ST identity is very close to what we have described in the previous
case of three scalar fields. One starts from the 3-point correlator
〈ζ(~x ′)γλ1(~y ′)γλ2(~z ′)〉 =
∫
d3~x
∫
d3~y
∫
d3~z 〈ζ(~x ′)ζ(~x )〉
∑
λ,λ′=±
ǫλ
′
ab(~y
′)ǫλmn(~y )〈γλ
′
(~y ′)γλ(~y )〉
×
∑
λ,λ′=±
ǫλ
′
cd(~z
′)ǫλrs(~z )〈γλ
′
(~z ′)γλ(~z )〉Γ˜(0)ζγmnγrs(~x, ~y, ~z )ǫλ1ab (~y ′)ǫλ2cd (~z ′),
(6.20)
with the polarization tensors normalized according to ǫλ ijǫλ
′
ij = 2δ
λλ′ and such that
ǫλii = ∂
iǫλij = 0.
The ST identity governing the behavior of the three-point 1-PI function Γ˜
(0)
ζγγ is then ob-
tained by taking two derivatives with respect to a graviton field of the master equation (5.4),
and setting all fields to zero afterwards. This gives∫
d3 ~w
[
Γ˜
(0)
γmncℓγ∗ij
(~y, ~x, ~w)Γ˜
(0)
γijγrs
(~w, ~z) + Γ˜
(0)
γrscℓγ∗ij
(~z, ~x, ~w)Γ˜
(0)
γijγmn
(~w, ~y)
+Γ˜
(0)
cℓζ∗
(~x, ~w )Γ˜
(0)
ζγmnγrs(~w, ~y, ~z ) + Γ˜
(0)
cℓγ∗ij
(~x, ~w)Γ˜
(0)
γijγmnγrs(~w, ~y, ~z )
]
= 0, (6.21)
with the last term in the sum being zero (at tree-level) under dilatation transformations.
5 Within our convention on the Legendre transform one has that the inverse of the propagator is minus the
two-point 1-PI function: W(t)JΦJΦ Γ˜(0)ΦΦ = −1, with W (t)JΦJΦ ≡ 〈ΦΦ〉.
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At tree-level we have
Γ˜
(0)
γabcℓγ
∗
ij
(~y, ~x, ~w ) = −δ(~x− ~w)δaiδbj∂wℓδ(~w − ~y)
+
1
2
δaiδbmδ(~w − ~y)
[
δℓj∂wmδ(~x− ~w)− δmℓ∂wjδ(~x− ~w)
]
+
1
2
δajδbmδ(~w − ~y)
[
δℓi∂wmδ(~x− ~w)− δmℓ∂wiδ(~x− ~w)
]
. (6.22)
We now insert the equation above together with Eq. (6.9) back into Eq. (6.21); next we
multiply by xℓ and integrate in d3~x to get, in a completely analogous way to the three scalar
case6 ∫
d3~x Γ˜
(0)
ζγmnγrs(~x, ~y, ~z ) =
(
6 + ~y ·~∂y + ~z ·~∂z
)
Γ˜
(0)
γmnγrs(~y, ~z ), (6.23)
and therefore, in momentum space,
Γ˜
(0)
ζγmnγrs(0,
~k,−~k) =
(
3− ~k ·~∂k
)
Γ˜
(0)
γmnγrs(~k,−~k). (6.24)
At horizon crossing, one has Γ˜
(0)
γγ (~k,−~k) ∼ k3−nt [1]; thus, we get the final relation
Γ˜
(0)
ζγmnγrs(0,
~k,−~k) = ntΓ˜(0)γmnγrs(~k,−~k). (6.25)
In momentum space Eq. (6.20) reads
〈ζ(~q )γλ1(~k )γλ2(~p )〉 = 〈ζ(~q )ζ(−~q )〉
∑
λ,λ′=±
ǫλab(
~k )ǫλ
′
mn(−~k)〈γλ
′
(~k )γλ(−~k )〉
×
∑
λ,λ′=±
ǫλcd(~p )ǫ
λ′
rs(~p )〈γλ
′
(−~p )γλ(~p )〉Γ˜(0)ζγmnγrs(~q,~k, ~p )ǫλ1ab (~k )ǫλ2cd (~p ).
(6.26)
Substituting the result (6.25) into the above equation, we obtain for the corresponding
connected amplitude in the squeezed limit
〈ζ(~q )γλ1(~k )γλ2(~p )〉 ∼
~q→0
−nt〈ζ(~q )ζ(−~q )〉
∑
λ,λ′=±
ǫλab(
~k )ǫλ
′
cd(−~k)〈γλ
′
(~k )γλ(−~k )〉ǫλ1ab (~k )ǫλ2cd ( ~−k )
= −4ntr1(~k)δλ1λ2〈ζ(~q )ζ(−~q )〉. (6.27)
For completeness we report here the expression of the correlator 〈γλ′γλ〉 in terms of the
graviton propagator:
〈γλ′(~k )γλ(−~k )〉 = 1
4
ǫλij(−~k )ǫλ
′
mn(
~k )∆ij,mn(~k) . (6.28)
6 Notice that under the dilatation transformation the only non-zero term in Eq. (6.22) is the first one.
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D. Diffeomorphism ST identities
To exhaust the three-point sector one needs to analyze two more correlators: 〈γζζ〉 and
〈γγγ〉, in which the graviton field is now soft. The corresponding consistency conditions
have nothing to do with dilatation invariance, rather, as we will see, being a result of (the
more general) diffeomorphism invariance.
1. One soft graviton and two scalars
The amplitude we need to consider is in momentum space
〈γλ1(~q )ζ(~k )ζ(~p )〉 =
∑
λ,λ′=±
ǫλ
′
ab(~q )ǫ
λ
mn(−~q )〈γλ
′
(~q )γλ(−~q )〉〈ζ(~k )ζ(−~k )〉
× 〈ζ(~p )ζ(−~p )〉Γ˜(0)γmnζζ(~q,~k, ~p )ǫλ1ab (~q )
= 2r1(~q )〈ζ(~k )ζ(−~k )〉〈ζ(~p )ζ(−~p )〉ǫλ1mn(~q )Γ˜(0)γmnζζ(~q,~k, ~p ). (6.29)
Now observe that the 3-point function Γ˜
(0)
γζζ admits the following form factor decomposition
Γ˜
(0)
γmnζζ(~q,
~k, ~p ) = A
(
δmn − q
mqn
q2
)
+B
qmqn
q2
+ C
kmkn
k2
+D
(
kmqn
q2
+
qmkn
q2
)
, (6.30)
which means that the only form factor we are interested in is C as
ǫλ1mn(~q )Γ˜
(0)
γmnζζ(~q,
~k, ~p ) = ǫλ1mn(~q )
kmkn
k2
C. (6.31)
This holds as a consequence of the divergenceless condition qmǫλmn(q) = 0 and the traceless
property ǫλmm(q) = 0 of the graviton polarizations.
This form factor can be determined at the lowest perturbative level by resorting to the
ST identity satisfied by the 3-point function Γ˜
(0)
γζζ , which has been derived in Eq. (6.8). This
clearly indicates that the sought for identity cannot be a consequence of dilatation invariance
as we know that for such transformations Γ˜
(0)
cγ∗ vanishes, and therefore no information can
be extracted for Γ˜
(0)
γζζ.
However, as a result of diffeomorphism invariance, one has(
2
3
iδmnq
ℓ − iqnδℓm − iqmδℓn
)
Γ˜
(0)
γmnζζ(~q,
~k, ~p ) =
1
3
iqℓΓ˜
(0)
ζζζ(~q,
~k, ~p ) + ikℓΓ˜
(0)
ζζ (~p ) + ip
ℓΓ˜
(0)
ζζ (
~k )
(6.32)
22
which, using the decomposition (6.30) leads to the two conditions (we write ~p = −~q − ~k)
4
3
(A−B) + 2
3
C − 2
3
~q · ~k
q2
D =
1
3
Γ˜
(0)
ζζζ(~q,
~k,−~q − ~k )− Γ˜(0)ζζ (~k )
− 2~q ·
~k
k2
C − 2D = Γ˜(0)ζζ (~q + ~k )− Γ˜(0)ζζ (~k ). (6.33)
Using the fact that the two-point function is a function of k only, the rhs of the last equation
above admits the expansion
Γ˜
(0)
ζζ (~q +
~k )− Γ˜(0)ζζ (~k ) = ~q ·~∂kΓ˜(0)ζζ (~k ) +O(q2)
=
~q ·~k
k2
[
k∂kΓ˜
(0)
ζζ (
~k )
]
+O(q2). (6.34)
implying that, in the squeezed limit ~q → 0, the second equation in (6.33) will yield
2D ∼
~q→0
−~q ·
~k
k2
[
2C + k∂kΓ˜
(0)
ζζ (
~k )
]
. (6.35)
From the hypothesis of the attractor background as well as the adiabaticity condition [5],
we know that Γ˜(0) is analytical in the squeezed limit. It then follows that the form factors A
and B must be equal in this limit; then, substituting the result (6.35) into the first equation
of (6.33), will give to leading order
C ∼
~q→0
3
2
1
1 + cos2(~q,~k )
[
1
3
Γ˜
(0)
ζζζ(0,
~k,−~k )− Γ˜(0)ζζ (~k )−
1
3
cos2(~q,~k )k∂kΓ˜
(0)
ζζ (
~k )
]
. (6.36)
where (~q,~k ) represents the angle between the vectors ~q and ~k.
Using finally the result (6.15), we get
ǫλ1mn(~q )Γ˜
(0)
γmnζζ(~q,
~k, ~p ) ∼
~q→0
−ǫλ1mn(~q )kmkn[∂k2Γ˜(0)ζζ (~k )], (6.37)
or, at the connected level7
〈γλ1(~q )ζ(~k )ζ(~p )〉 ∼
~q→0
−2r1(~q )ǫλ1mn(~q)kmkn[∂k2〈ζ(~k )ζ(−~k )〉]. (6.38)
2. Three gravitons (one soft)
The calculation of the three-graviton correlator amplitude proceeds in exactly the same
way, even though its evaluation is a bit more complex from the algebraic point of view. One
7 We use W (t)JΦJΦΓ˜
(0)
ΦΦ = −1, which implies ∂k2〈ΦΦ〉 = 〈ΦΦ〉[∂k2 Γ˜(0)ΦΦ]〈ΦΦ〉.
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starts from the amplitude
〈γλ1(~q )γλ2(~k )γλ3(~p )〉 =
∑
λ,λ′=±
ǫλ
′
ab(~q )ǫ
λ
mn(−~q )〈γλ
′
(~q )γλ(−~q )〉ǫλ1ab (~q )
×
∑
λ,λ′=±
ǫλ
′
cd(
~k )ǫλrs(−~q )〈γλ
′
(~k )γλ(−~k )〉ǫλ2cd (~k )
×
∑
λ,λ′=±
ǫλ
′
ef(~p )ǫ
λ
tu(−~p )〈γλ
′
(~p )γλ(−~p )〉ǫλ3ef (~p )Γ˜(0)γmnγrsγtu(~q,~k, ~p )
= 8r1(~q )r1(~k )r1(~p )ǫ
λ1
mn(~q )ǫ
λ2
rs (
~k )ǫλ3tu (~p )Γ˜
(0)
γmnγrsγtu(~q,
~k, ~p ). (6.39)
Notice that the amplitude ǫλ2rs ǫ
λ3
tu Γ˜
(0)
γmnγrsγtu admits exactly the form factor decomposition
shown in Eq. (6.30), so that one has8
ǫλ1mn(~q )ǫ
λ2
rs (
~k )ǫλ3tu (~p )Γ˜
(0)
γmnγrsγtu(~q,
~k, ~p ) = ǫλ1mn(~q )
kmkn
k2
Cλ2λ3 (6.40)
As in the previous case the form factor C can be obtained by analyzing the ST identity
constraining the function Γγγγ , which has been derived in Eq. (6.21). As in the previous
case one obtains the two conditions
2
3
Cλ2λ3 − 2
3
~q · ~k
q2
Dλ2λ3 = ǫλ2rs (
~k )ǫλ3tu (~p )
[
1
3
Γ˜
(0)
ζγrsγtu(~q,
~k,−~k − ~q )− Γ˜(0)γrsγtu(~k )
]
+ · · ·
− 2~q ·
~k
k2
Cλ2λ3 − 2Dλ2λ3 = ǫλ2rs (~k )ǫλ3tu (~p )
~q · ~k
k2
[
k∂kΓ˜
(0)
γrsγtu(
~k )
]
+ · · · , (6.41)
where the dots stands for terms that vanish in the squeezed limit ~q → 0. In this limit, using
the result Eq. (6.24), one then obtains at leading order
ǫλ1mn(~q )ǫ
λ2
rs (
~k )ǫλ3tu (~p )Γ˜
(0)
γmnγrsγtu(~q,
~k, ~p ) ∼
~q→0
−ǫλ1mn(~q )ǫλ2rs (~k )ǫλ3tu (−~k )kmkn[∂k2Γ˜(0)γrsγtu(~k )].
(6.42)
We now take the squeezed limit of Eq. (6.39), and substitute the result above by taking
into account that
2r1(~k )ǫ
λ2
rs (
~k )2r1(~k )ǫ
λ3
tu (−~k )[∂k2Γ˜(0)γrsγtu(~k )] =
[
∂k2
∑
λλ′=±
ǫλrs(
~k )ǫλ
′
tu(−~k )〈γλ(~k )γλ
′
(−~k )〉
]
× ǫλ2rs (~k )ǫλ3tu (−~k ), (6.43)
8 Obviously, in this case the form factors depend on the helicities λ2 and λ3
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so we finally get the result
〈γλ1(~q )γλ2(~k )γλ3(~p )〉 ∼
~q→0
−2r1(~q )ǫλ1mn(~q )ǫλ2rs (~k )ǫλ3tu (−~k )kmkn
×
[
∂k2
∑
λλ′=±
ǫrsλ (
~k )ǫtuλ′ (−~k )〈γλ(~k )γλ
′
(−~k )〉
]
. (6.44)
E. Special conformal transformations ST identities
For the special conformal transformations, we adopt the same procedure used in the case
of dilatations; therefore, we multiply the ST identity (6.11) withMim defined in Eq. (5.12),
integrate in d3~x, and, finally, Fourier transform the resulting expression.
For the term proportional to the three-point function we obtain∫
d3~xMim(~x )1
3
∂xmΓ˜
(0)
ζζζ(~x, ~y, ~z ) = −2
∫
d3~x xiΓ˜
(0)
ζζζ(~x, ~y, ~z )
= 2i
∫
d3~k1
(2π)3
∫
d3~k2
(2π)3
e−i
~k1·~ye−i
~k2·~z ∂qiΓ˜
(0)
ζζζ(~q,
~k1, ~k2 )
∣∣∣
~q=0
,
(6.45)
from which we see here that, as announced earlier, special conformal transformations de-
termine (modulo a numerical factor) the next to leading order term in the squeezed limit
expansion (6.17).
The second term in (6.11) gives∫
d3~xMim(~x )[−∂xmδ(~x− ~y)Γ˜(0)ζζ (~x, ~z)] = [6yi +Mim(~y )∂ym ]Γ˜(0)ζζ (~y, ~z), (6.46)
whereas the last term yields an identical result upon the replacement ~y → ~z. Taking this
into account we find after Fourier transforming the two terms the results
6yiΓ˜
(0)
ζζ (~y, ~z ) + 6ziΓ˜
(0)
ζζ (~z, ~y ) = −6i
∫
d3~k1
(2π)3
∫
d3~k2
(2π)3
e−i
~k1·~ye−i
~k2·~z
2∑
a=1
∂kiaΓ˜
(0)
ζζ (
~k1, ~k2), (6.47)
and
Mim(~y )∂ym Γ˜(0)ζζ (~y, ~z) +Mim(~z )∂zmΓ˜(0)ζζ (~z, ~y) = i
∫
d3~k1
(2π)3
∫
d3~k2
(2π)3
e−i
~k1·~ye−i
~k2·~zPiΓ˜
(0)
ζζ (
~k1, ~k2).
(6.48)
where we have defined the operator
Pi =
2∑
a=1
[
6∂kia − kia~∂ 2ka + 2~ka ·~∂ka∂kia
]
. (6.49)
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Putting everything together one then obtains
∂qiΓ˜
(0)
ζζζ(~q,
~k1, ~k2)
∣∣∣
~q=0
=
1
2
PiΓ˜
(0)
ζζ (
~k1, ~k2)
∣∣∣
~q=0
− 3
2∑
a=1
∂kiaΓ˜
(0)
ζζ (
~k1, ~k2)
∣∣∣
~q=0
. (6.50)
To recover the result of [16], one needs to consider the next to leading term in the squeezed
limit expansion of Eq. (6.18), or
∂qi〈ζ(~k1)ζ(−~k1)〉〈ζ(~k2)ζ(−~k2)〉Γ˜(0)ζζζ(~q,~k1, ~k2)]
∣∣∣
~q=0
. (6.51)
It is then relatively easy to show that, using the leading order result (6.15), that
∂qi〈ζ(~k1)ζ(−~k1)〉〈ζ(~k2)ζ(−~k2)〉
∣∣∣
~q=0
Γ˜
(0)
ζζζ(0,
~k,−~k) = 6 ∂ki〈ζ(~k )ζ(−~k )〉+ 2kjΓ˜(0)ζζ (~k,−~k )×
∂kj〈ζ(~k )ζ(−~k )〉∂ki〈ζ(~k )ζ(−~k )〉,
(6.52)
whereas, using Eq. (6.50), a lengthy (but otherwise straightforward) calculation shows that
〈ζ(~k )ζ(−~k )〉2 ∂qiΓ˜(0)ζζζ(0, ~k,−~k)
∣∣∣
~q=0
=
1
2
PiΓ˜
(0)
ζζ (
~k1, ~k2)
∣∣∣
~q=0
− 6 ∂ki〈ζ(~k )ζ(−~k )〉
− 2kjΓ˜(0)ζζ (~k,−~k )∂kj〈ζ(~k )ζ(−~k )〉∂ki〈ζ(~k )ζ(−~k )〉.
(6.53)
Summing up Eqs. (6.52) and (6.53) one obtains the final result [16]
∂qi〈ζ(~k1)ζ(−~k1)〉〈ζ(~k2)ζ(−~k2)〉Γ˜(0)ζζζ(~q,~k1, ~k2)]
∣∣∣
~q=0
=
1
2
PiΓ˜
(0)
ζζ (
~k1, ~k2)
∣∣∣
~q=0
. (6.54)
It is evident that, due the fact that ~k2 = −~k1 the right-hand side of the expression above
is zero, as is also zero the 1-PI result (6.50). Thus for the three-point correlator, the next
to leading term in the squeezed limit expansion vanishes, and the leading order corrections
starts at O(q2); and the latter will involve graviton corrections as at this order (sγ)0 won’t
be zero anymore.
VII. DISCUSSION AND CONCLUSIONS
As we have shown in the last two sections, relations between 2- and 3-point correlators in
the squeezed limit are nothing but a manifestation of ST identities. These latter identities
in turn are derived from a single master consistency condition by taking one derivative
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with respect to the ghost field and then a certain number of derivatives with respect to
fields with zero ghost number (not containing the b-field), setting afterwards all fields and
external sources to zero. The generalization of the identities (6.15) and (6.50) for the scalar
1-PI n-point fixed-time functions is immediate, and one has
Γ˜
(0)
ζζ1···ζn−1
(0, ~k1, . . . ,−
n−2∑
a=1
~ka) = [3(n− 1)−
n−2∑
a=1
~ka ·~∂ka ]Γ˜(0)
1···ζn−1
(~k1, . . . ,−
n−2∑
a=1
~ka), (7.1)
∂qiΓ˜
(0)
ζζ1···ζn−1
(~q,~k1, . . . , ~kn−1)
∣∣∣
~q=0
=
1
2
PiΓ˜
(0)
ζ1,...ζn−1
(~k1, . . . ,−
n−2∑
a=1
~ka)
− 3
n−1∑
a=1
∂kiaΓ˜
(0)
ζ1,...ζn−1
(~k1, . . . ,−
n−2∑
a=1
~ka). (7.2)
with P i the trivial generalization of the operator (6.49). What is much less obvious and
possibly deserves further investigation, is the relation between these fixed time 1-PI functions
and the corresponding n-point connected correlators, as Γ˜(0)(t) does not correspond to the
effective action.
Also, in renormalizable gauge theories the big advantage of the ST identity is that, for
anomaly-free models, it survives quantization. Therefore the functional identity holding true
for the tree-level action extends to the full vertex functional when radiative corrections are
included. At higher orders in the loop expansion the BRST transformation gets renormal-
ized and its effect on the master consistency condition is accounted for by the non-trivial
corrections to the Green functions involving the insertion of an antifield and a ghost. When
considering cosmological theories, however, the situation is much more involved. The “in-in”
formalism requires a doubling of the field variables, splitting them into left and right fields.
This requires a reassessment of the analysis presented here, which avoided this splitting in
view of the fact that for tree graphs at fixed times, left and right fields are the same.
For the sake of completeness we work out in Appendix D the derivation of the identities
stemming from the master consistency condition without replacing the antifield-ghost Green
functions with their classical counterpart. These identities are bound to be the correct ones
for any extension of the classical theory of gravity coupled to a scalar field when (even
partial) radiative corrections are taken into account (see e.g. [22, 23]).
One should notice that the ST identity guarantees the physical unitarity of the theory,
that is the cancellation of all ghost contributions. Therefore, any approximation to include
quantum corrections (even within a fixed sector of the theory) needs to respect the ST
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identity in order to be consistent. If, on the other hand, the latter identity is broken,
unphysical and potentially large numerical contributions may arise, as hinted at by the 1/ǫ
term in the unphysical part of the graviton propagator parameterized by r2 [see Eq. (3.14)].
The present formalism can be extended in a straightforward way to multi-field inflationary
theories [24]. It turns out however that in general it is impossible to obtain consistency
conditions arising from the ST identity and involving only correlators of the scalar and
graviton metric components (for a recent discussion, see, e.g., [26]). This is because one can
use the temporal gauge-fixing condition to eliminate only one inflaton scalar fluctuation,
leaving in multi field scenarios the remaining contributions to the ST identity arising from
gravitationally coupled scalars.
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Appendix A: Quadratic Part of the ADM Action
We expand the ADM action in Eq. (2.3) up to second order in the fluctuations around
the classical background. One obtains, for the gravitational part
S
(2)
1 = −
1
4
∫
dt
∫
d3~x eρ
[
1
2
∂kδhij∂kδhij − 1
2
∂kδhii∂kδh
j
j + ∂
kδhii∂
jδhkj − ∂iδhkj∂jδhki
− 2δN (∂i∂jδhij − ∂2δhii)
]
,
S
(2)
2 =
∫
dt
∫
d3~x eρ
[
− 3e2ρρ˙2δN 2 + δN
(
3
2
e2ρρ˙2δhii − 2ρ˙ ∂iNi + e2ρρ˙ ˙δh
i
i
)
+
3
8
e2ρ
(
2δhijδhij − δhiiδhjj
)
ρ˙2 +
1
2
e2ρ
(
2δhij ˙δhij − δhii ˙δhjj
)
ρ˙
− 1
4
(∂[iNj] ˙δhij − 2∂iNi ˙δhjj) + e−2ρ
(
1
8
∂[iN j]∂[iNj] − 1
2
∂iNi ∂jNj
)
+ e2ρ
(
1
8
˙δh
ij ˙δhij − 1
8
˙δh
i
i
˙δh
j
j
)]
, (A1)
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where we have used the symmetrization convention v[aub] = vaub + vbua. The inflaton part
yields instead
S
(2)
3 = −
1
2
∫
dt
∫
d3~x e3ρ
{
−
[
δN 2 − 1
2
δN δhii −
1
8
(2δhijδhij − δhiiδhjj)
]
ϕ˙2
+
[
2δN − δhii
]
˙δφ ϕ˙ − ˙δφ2 − 2e−2ρϕ˙ δφ ∂iNi
+ V ′′(ϕ)δφ2 + [2V ′(ϕ)δφ+ V (ϕ)δhii] δN + V ′(ϕ)δhiiδφ
− 1
4
V (ϕ)(2δhijδhij − δhiiδhjj) + e−2ρ∂iδφ∂iδφ
}
. (A2)
Due to the algebraic character of the equations of motion for the lapse and shift vector
we can diagonalize the quadratic part by eliminating the mixing between N , N i and the
other fields. For that purpose we collect all the terms involving the fluctuations of the lapse
function or the shift vector and set
S(2) = S˜
(2)
1 + S˜
(2)
2 + S˜
(2)
3 + S
(2)
δN -N i
; S˜
(2)
i = S
(2)
i
∣∣∣
δN=Ni=0
, (A3)
where
S
(2)
δN -N i
=
∫
dt
∫
d3~x
[
a δN 2 + b δN + c δN∂iNi + d ∂iNi + qij∂[iNj]
+ r∂[iN j]∂[iNj] + s∂iNi ∂jNj
]
, (A4)
and we have defined the coefficients
a = −1
2
e3ρ(6ρ˙2 − ϕ˙2); b = 1
2
eρ(∂i∂jδhij − ∂2δhii) + e3ρρ˙ ˙δhii − e3ρϕ˙ ˙δφ− e3ρV ′(ϕ)δφ;
c = −2eρρ˙; d = 1
2
eρ( ˙δhii + 2ϕ˙ δφ);
qij = −1
4
eρ ˙δhij ; r =
1
8
e−ρ;
s = −1
2
e−ρ. (A5)
Then, after the change of variable
δN ′ = δN + 1
2a
(b+ c ∂iNi), (A6)
the action Eq. (A4) becomes
S
(2)
δN -Ni
=
∫
dt
∫
d3~x
[
− b
2
4a
+ a δN ′ 2 + (d′δij + 2qij) ∂iNj +N iRijN j
]
, (A7)
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where
d′ = d− bc
2a
; s′ = s− c
2
4a
; Rij = −2rδij∂2 − (2r + s′)∂i∂j . (A8)
Diagonalization is eventually achieved by making the change of variables
N ′i = Ni −
1
2
R−1ij (∂
jd′ + 2∂kq
jk); R−1ij = −
1
2r∂2
δij +
1
4r + s′
(
1 +
s′
2r
)
∂i∂j
∂4
, (A9)
yielding the final result
S
(2)
δN -Ni
=
∫
dt
∫
d3~x
[
− b
2
4a
− 1
4
(∂id′ + 2∂mq
im)R−1ij (∂
jd′ + 2∂nq
jn) + δN ′a δN ′ +N ′iRijN ′j
]
.
(A10)
Then, in the new primed variables the equations of motion of the lapse function and shift
vector are simply given by
δN ′ = 0 =⇒ δN = − b
2a
− c
2a
∂iNi;
N ′i = 0 =⇒ Ni =
1
2
R−1ij (∂
jd′ + 2∂kq
jk), (A11)
which will leave the following contribution to the remaining terms in the action
S˜
(2)
δN -Ni
=
∫
dt
∫
d3~x
[
− b
2
4a
− 1
4
(∂id′ + 2∂mq
im)R−1ij (∂
jd′ + 2∂nq
jn)
]
=
∫
dt
∫
d3~x
[
d
c2
(ad− bc) + 4a
c2
qim
∂i∂m
∂2
(
d′ +
∂j∂n
∂2
qjn
)
+
qim
2r
∂m∂n
∂4
(
∂i∂j − δij∂2) qjn] . (A12)
We now choose a comoving type of gauge for the scalar sector by setting
δφ = 0, (A13)
but leaving unspecified the gauge for the metric sector. Then we obtain
S˜
(2)
δN -Ni
=
∫
dt
∫
d3~x
e3ρ
16
˙δhim
[(
1 +
ϕ˙2
2ρ˙2
)(
δimδjn +
∂i∂j∂m∂n
∂4
)
− 4δij ∂
m∂n
∂2
+2
(
1− ϕ˙
2
2ρ˙2
)
δjn
∂i∂m
∂2
]
˙δhjn
−
∫
dt
∫
d3~x
eρ
8ρ˙
˙δhim
1
∂2
(
∂i∂m − δim∂2) (∂j∂n − δjn∂2) δhjn, (A14)
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with the remaining terms of the action giving
S˜
(2)
1 =
∫
dt
∫
d3~x
eρ
8
δhim
[
δim
(
2∂j∂n − δjn∂2)− δij (2∂m∂n − δmn∂2)] δhjn;
S˜
(2)
3 =
∫
dt
∫
d3~x
e3ρ
8
[
4ρ˙
(
2δhij ˙δhij − δhii ˙δhjj
)
+ 2V
(
2δhijδhij − δhiiδhjj
)
+ ˙δhij ˙δhij − ˙δhii ˙δhjj
]
. (A15)
If we were to choose the comoving gauge also for the metric sector we would set
δhij = 2ζδij + γij ; ∂
iγij = 0; γ
i
i = 0. (A16)
This would yield the lapse function and shift vector solutions9
δN = ζ˙
ρ˙
; Ni = ∂iψ; ψ = −ζ
ρ˙
+ χ; ∂2χ = e2ρ
ϕ˙2ζ˙
2ρ˙2
. (A17)
In addition, it is lengthy but straightforward to observe that
S˜
(2)
N ,Ni
=
∫
dt
∫
d3~x e3ρ
[
3ζ˙2 +
ϕ˙2ζ˙2
2ρ˙2
− 2e−2ρ ζ˙
ρ˙
∂2ζ
]
, (A18)
i.e., as expected tensor fluctuations do not contribute to the scalar part of the action. Then
one immediately obtains for the quadratic parts of the action in the scalar fluctuation ζ S˜(2)
∣∣∣
ζ
and in the vector fluctuation S˜(2)
∣∣∣
γ
the following results, up to irrelevant total derivative
terms
S˜(2)
∣∣∣
γ
=
1
8
∫
dt
∫
d3~x
[
e3ργ˙ijγ˙ij − eρ∂kγij∂kγij
]
,
S˜(2)
∣∣∣
ζ
=
1
2
∫
dt
∫
d3~x
ϕ˙2
ρ˙2
[
e3ρζ˙2 − eρ(∂ζ)2
]
. (A19)
They match those of [1].
9 A second gauge choice could have been
δφ = ϕ˜(t, ~x); δhij = γij ; ∂iγij = 0; γii = 0,
in which case one immediately obtains
δN =
ϕ˙
2ρ˙
ϕ˜; Ni = ∂iχ; ∂2χ = e2ρ ϕ˙
2
2ρ˙2
d
dt
[
− ρ˙
ϕ˙
ϕ˜
]
.
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Appendix B: The metric propagator
1. Bi-tensor coefficients of the metric two-point function
The coefficients θα in the expansion of the metric two-point function on the basis of the
bi-tensors in Eq.(3.11) are given by the following differential operators:
θ1 = −e
3ρ
16
[
∂2t − 5ρ˙∂t − (4V + e−2ρ∂2)
]
;
θ2 =
e3ρ
16
(
1− ϕ˙
2
2ρ˙2
)
∂2t +
e3ρ
16
[
− 5ρ˙− 3 ϕ˙
2
2ρ˙
− ϕ¨ϕ˙
ρ˙2
+
ϕ˙2ρ¨
ρ˙3
− 2e
−2ρ
ρ˙
∂2
]
∂t − e
3ρ
4
V − e
ρ
8
∂2;
θ3 ≡ θ4 = e
3ρ
16
∂2t +
e3ρ
16
3ρ˙∂t − e
ρ
16
∂2;
θ5 ≡ θ6 = −e
3ρ
16
(
1− ϕ˙
2
2ρ˙2
)
∂2t −
e3ρ
16
[
3ρ˙− 3 ϕ˙
2
2ρ˙
− ϕ¨ϕ˙
ρ˙2
+
ϕ˙2ρ¨
ρ˙3
− e
−2ρ
ρ˙
∂2
]
∂t +
eρ
8
∂2;
θ7 = −e
3ρ
16
(
1 +
ϕ˙2
2ρ˙2
)
∂2t −
e3ρ
16
[
3ρ˙+ 3
ϕ˙2
2ρ˙
+
ϕ¨ϕ˙
ρ˙2
− ϕ˙
2ρ¨
ρ˙3
+ 2
e−2ρ
ρ˙
∂2
]
∂t. (B1)
In the second variation of the quadratic action with respect to the metric a new set operators
Θα appears; they read
Θα = 2cα(t)∂
2
t + 2∂tcα(t)∂t + [2aα(t)− ∂tbα(t) + ∂2t cα(t)], (B2)
with the coefficients aα, bα and cα determined from the θα operators in Eq. (B1) after casting
them in the form
θα = cα(t)∂
2
t + bα(t)∂t + aα(t). (B3)
The Θa are given by
Θ1 = −Θ3 = −Θ4 = −1
8
e3ρ(∂2t + 3ρ˙∂t) +
1
8
eρ∂2; (B4)
Θ2 = −Θ5 = −Θ6 = e
3ρ
8
(
1− φ˙
2
2ρ˙2
)
∂2t +
e3ρ
8
(
3ρ˙− 3
2
φ˙2
ρ˙
− φ˙φ¨
ρ˙2
+
ρ¨φ˙2
ρ˙3
)
∂t − e
ρ
8
(
1 +
ρ¨
ρ˙2
)
∂2;
(B5)
Θ7 = −e
3ρ
8
(
1 +
φ˙2
2ρ˙2
)
∂2t +
e3ρ
8
(
− 3ρ˙− 3
2
φ˙2
ρ˙
− φ˙φ¨
ρ˙2
+
ρ¨φ˙2
ρ˙3
)
∂t +
eρ
8
(
1− ρ¨
ρ˙2
)
∂2 . (B6)
The operator Θ1 is proportional to the usual one entering into the field equation for the
physical graviton modes (see e.g. Eq. (5.2.20) of [25] once one takes into account the fact
that the scale factor a equals eρ in our notations).
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2. Differential equations for the metric propagator
The inversion of the metric quadratic action in the b-δg sector is relatively straightforward.
One starts by passing to (three-)momentum space, −i∂ → ~p. We need then to solve the
following matrix equation Γ˜′(2) ijmn (~p ) Bija (~p )
Bcmn(−~p ) 0
 ∆mnrs (~p ) Cmnd (~p )
Cars(−~p ) Dad(−~p )
 =
 12O(1) ijrs 0
0 δbd
 (B7)
where Eq. (3.9) implies Bija (~p ) = ip
iδja − i3paδij . One has therefore the following four
conditions to satisfy:
Γ˜
′(2) ij
mn (~p )∆
mn
rs (~p ) +B
ij
a (~p )C
a
rs(−~p ) =
1
2
O(1) ijrs , (B8)
Γ˜
′(2) ij
mn (~p )C
mn
d (~p ) +B
ij
a (~p )D
a
d(−~p ) = 0, (B9)
Bcmn(−~p )∆mnrs (~p ) = 0, (B10)
Bcmn(−~p )Cmnd (~p ) = δbd. (B11)
Eq. (B10) is the statement of the transversality of the metric propagator; writing
∆mnrs (~p ) =
7∑
α=1
rα(p)O(α)mnrs , (B12)
it implies that in this gauge only the functions r1 and r2 need to be determined, whereas
r3 = r4 = −r5 = −r6 = −r7 = −r1. (B13)
The solution of Eq. (B11) is instead characterized by a single function X , and reads
Cmnd (~p ) = X(p)δ
mnpd +
i
p2
(δmd p
n + δnd p
m)− i
2p4
pmpnpd. (B14)
Eq. (B9) can be then used to fix X . Writing
Dad(~p ) = Ξ1(p)δ
a
d + Ξ2(p)p
apd, (B15)
one obtains
− p2Ξ1 = 2 (2Θ1 + 3Θ2 +Θ6) , (B16)
− ip2Ξ2 = (2Θ3 +Θ4 + 3Θ5 +Θ7)X + i
p2
(
−Θ1 +Θ3 +Θ4 + 3
2
Θ5 +
3
2
Θ7
)
, (B17)(
2Θ1 +
3
2
Θ2 +
2
3
Θ3 +
2
3
Θ4 +Θ5 +Θ6 +
1
3
Θ7
)
X = 0. (B18)
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Now, on the one hand, as the differential operator appearing in Eq. (B18) has a term that
does not involve any derivative with respect to t, then a possible solution is provided by
X = 0. On the other hand, Eq. (B8) gives consistent equations only for X = 0, in which
case it yields the two independent relations
2Θ1r1 =
1
2
; (2Θ1 + 3Θ2 +Θ6)s =
1
2
. (B19)
where s = r1 + r2. Summarizing, the inversion of the metric two-point sector is achieved by
setting
∆mnrs (p) = r1
[O(1)mnrs −O(3)mnrs −O(4)mnrs +O(5)mnrs +O(6)mnrs +O(7)mnrs ]+ r2O(2)mnrs , (B20)
Cmnd (p) =
i
p2
(δmd p
n + δndp
m)− i
2p4
pmpnpd, (B21)
Dad(p) = −
2
p2
δad (2Θ1 + 3Θ2 +Θ6)−
1
p4
papd
(
−Θ1 +Θ3 +Θ4 + 3
2
Θ5 +
3
2
Θ7
)
, (B22)
with r1,2 determined by the differential equations above.
Appendix C: Identities for the connected generating functional
The connected Green functions are generated by the functional W, which is formally
given by the Legendre transform of the vertex functional Γ with respect to the fields. Γ is
a functional of the fields of the theory, which we collectively denote by Φ, and the external
sources (e.g. the anti-fields, or other sources coupled to composite operators), that are
denoted by Σ. One has then
W[JΦ,Σ] = Γ[Φ,Σ] +
∫
dt
∫
d3~x JΦ(t, ~x )Φ(t, ~x ) (C1)
where the source Jζ , coupled to the field ζ , satisfies the conditions
JΦ(t, ~x ) = − δΓ
δΦ(t, ~x )
, Φ(t, ~x ) =
δW
δJΦ(t, ~x )
. (C2)
On the other hand, for the external sources Σ the following relation holds true
δΓ
δΣ(t, ~x )
=
δW
δΣ(t, ~x )
. (C3)
The temporal b-equation reads at the connected level
−Jb0(t, ~x ) =
δW
δJδφ(t, ~x )
. (C4)
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In the above equation we have denoted by Jb0 the source coupled to b0 and similarly for
Jδφ. Let us now take a derivative with respect to Jδφ of Eq. (C4). One then sees that the
δφ-propagator is zero (we set the external sources equal to zero after differentiation):
δ2W
δJδφ(t, ~x )δJδφ(t, ~y)
= 0. (C5)
In a similar way, by taking a derivative of eq.(C4) with respect to Jδhij and then setting
the sources to zero one has
δ2W
δJδhij (t, ~x )δJδφ(t, ~y)
= 0 . (C6)
Finally, by taking a derivative with respect to Jb of eq.(C4) we obtain
δ2W
δJb0(t, ~x )δJδφ(t, ~y)
= −δ(t− t′)δ(3)(~x− ~y) . (C7)
Hence the only non-vanishing propagator involving δφ is the mixed b-δφ one. Moreover,
by the temporal b-equation we see that there are no interaction vertices involving b and
therefore one can safely set δφ = 0 everywhere in the effective action. While this is expected
in a comoving gauge, this is actually a proof that the δφ = 0 condition can indeed be
consistently chosen.
The spatial b-equation reads at the connected level
−Jbi = ∂k δW
δJδhki(t, ~x )
− 1
3
∂i
δW
δJδhk
k
(t, ~x )
. (C8)
By taking a derivative with respect to δJδhmn and then setting the sources to zero one
gets the transversality condition for the metric propagator of Eq. (B10). The mixed δφ-δh
propagator is zero, as we already know. Finally by taking a derivative of Eq. (C8) with
respect to Jbi one gets back Eq. (B9).
Effective action
The equations of motion for the lapse function and the shift vector are algebraic. It is
therefore customary to replace in the action δN and N i with the solution of their equations
of motion. In the functional formalism this is equivalent to set the sources JδN and JN i to
zero in W and then take a Legendre transform back to the effective action Γ˜:
Γ˜[δφ, δh, b, c¯, c; . . . ] = W|JδN=JN i=0 −
∑
Φ
′
∫
dt
∫
d3~x JΦ(t, ~x )Φ(t, ~x ) (C9)
35
where the primed sum now runs over the fields with the exception of the lapse and the
shift vector and the dots in the arguments of Γ˜ stand for the anti-fields and possibly other
external sources coupled to composite operators.
By looking at Eqs. (C2) and (C3) it is easy to see that the effective action Γ˜ satisfies the
following ST identity:
S(Γ˜) =
∫
dt
∫
d3~x
[
Γ˜δhij∗ Γ˜δhij + Γ˜φ∗Γ˜φ + b
µΓ˜c¯µ + Γ˜cµ∗Γ˜cµ
]
= 0. (C10)
Appendix D: All order ST identity
For completeness, in this Appendix we collect the general form of both gauge independent
as well as gauge dependent relations arising from the ST identity.
1. Gauge independent identities
As remarked in Sect. IV, these relations are obtained by taking functional derivatives
with respect to field combinations that do not involve the Nakanishi Lautrup multiplier b.
Some of the following identities have been used in their classical approximation to recover
Maldacena’s consistency conditions in the squeezed limit (see Sect. V).
We will give explicit expressions for all identities involving up to three insertions of δφ
and δhij . To obtain them, we first take a derivative with respect to the ghost field c and then
take the derivative with respect to the field combination indicated (the notation Γ˜ζ1...ζnΦ∗1...Φ∗n
means that we evaluate the derivative of Γ˜ with respect to ζ1 . . . ζn,Φ
∗
1 . . .Φ
∗
n and then set
the fields and external sources to zero).
(i) One derivative w.r.t δhkl∫ [
Γ˜cρδhij∗δhklΓ˜δhij + Γ˜cρδhij∗ Γ˜δhijδhkl + Γ˜cρδφ∗δhklΓ˜δφ + Γ˜cρδφ∗ Γ˜δφδhkl
]
= 0. (D1)
(ii) One derivative with respect to δφ∫ [
Γ˜cρδhij∗δφΓ˜δhij + Γ˜cρδhij∗ Γ˜δhijδφ + Γ˜cρδφ∗δφΓ˜δφ + Γ˜cρδφ∗ Γ˜δφδφ
]
= 0. (D2)
(iii) Two derivatives with respect to δhkl, δhmn∫ [
Γ˜cρδhij∗δhklδhmn Γ˜δhij + Γ˜cρδhij∗δhklΓ˜δhijδhmn + Γ˜cρδhij∗δhmn Γ˜δhijδhkl + Γ˜cρδhij∗ Γ˜δhijδhklδhmn
+Γ˜cρδφ∗δhklδhmn Γ˜δφ + Γ˜cρδφ∗δhklΓ˜δφδhmn + Γ˜cρδφ∗δhmn Γ˜δφδhkl + Γ˜cρδφ∗ Γ˜δφδhklδhmn
]
= 0. (D3)
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(iv One derivative w.r.t δhij and one with respect to δφ∫ [
Γ˜cρδhij∗δφδhklΓ˜δhij + Γ˜cρδhij∗δhklΓ˜δφδhij + Γ˜cρδhij∗δφΓ˜δhijδhkl + Γ˜cρδhij∗ Γ˜δφδhijδhkl
+Γ˜cρδφ∗δφδhkl Γ˜δφ + Γ˜cρδφ∗δhklΓ˜δφδφ + Γ˜cρδφ∗δφΓ˜δφδhklΓ˜cρδφ∗Γ˜δφδφδhkl
]
= 0. (D4)
(v) Two derivatives with respect to δφ [we set δφi = δφ(zi)]∫ [
Γ˜cρδhij∗δφ2δφ1Γ˜δhij + Γ˜cρδhij∗δφ1Γ˜δφ2δhij + Γ˜cρδhij∗δφ2 Γ˜δhijδφ1 + Γ˜cρδhij∗ Γ˜δhijδφ2δφ1
+Γ˜cρδφ∗δφ2δφ1Γ˜δφ + Γ˜cρδφ∗δφ1 Γ˜δφ2δφ + Γ˜cρδφ∗δφ2Γ˜δφ1δφ + Γ˜cρδφ∗ Γ˜δφ2δφ1δφ
]
= 0. (D5)
2. Gauge-dependent identities
We now take a derivative with respect to cρ and w.r.t bµ of Eq. (4.5) and set the ghost field
to zero.In order to be concrete we use the comoving gauge and the transverse gauge-fixing
condition for the spatial part of the metric discussed in Sect. III. One gets the following
formula ∫
Γ˜cρc¯µ = −
∫ [(
−δjµ∂i + 1
3
δµsgˆij∂s
)
Γ˜cρh∗ij + δµ0Γ˜δcρδφ∗
]
, (D6)
where we have used the temporal and spatial b-equations in order to obtain the explicit
form of Γ˜bµδhij and of Γ˜bµδφ, which depend on the specific gauge choice. We can further
differentiate Eq. (D6) with respect to δh and δφ, as being linear in the fluctuations, they
cannot receive quantum corrections.
The relations found has a simple interpretation in this sector. Indeed, by taking the func-
tional derivatives of both sides of Eq.(D6) with respect to the metric or inflaton fluctuations,
one sees that the Green function with one anti-ghost and one ghost and any number of δh
and δφ fields is determined in terms of the corresponding insertions on the rhs of Eq. (D6)
with the relevant anti-fields.
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